Abstract. By a result of Biswas and Dos Santos, on a smooth and projective variety over an algebraically closed field, a vector bundle trivialized by a proper and surjective map is essentially finite, that is it corresponds to a representation of the Nori fundamental group scheme. In this paper we obtain similar results for non-proper non-smooth algebraic stacks over arbitrary fields of characteristic p ą 0. As by-product we have the following partial generalization of the Biswas-Dos Santos' result in positive characteristic: on a pseudo-proper and inflexible stack of finite type over k a vector bundle which is trivialized by a proper and flat map is essentially finite.
Introduction
Let X be a smooth and projective variety over an algebraically closed field k with a rational point x P Xpkq. Then the étale universal cover r X x of X is an fpqc torsor under the étale fundamental group π ét 1 pX, xq (viewing as a pro-finite group scheme over k). Thus any representation of π ét 1 pX, xq on a finite dimensional k-vector space V will give rise to a vector bundle r X xˆπ ét 1 pX,xq V on X by fpqc descent. This defines a functor from the category of finite dimensional π ét 1 pX, xq-representations to the category of vector bundles on X. It is Lange and Stuhler who first observed, in [LS, 1.2] , that a vector bundle on X is in the essential image of this functor if and only if the vector bundle is trivialized by a finite étale cover of X.
A similar result holds also for the Nori fundamental group scheme, introduced in [Nori] . Let X be a proper, geometrically connected and geometrically reduced scheme over a field k equipped with a rational point x P Xpkq. Nori defined the notion of essentially finite vector bundles on X and proved that they form a Tannakian category over k, whose associated group scheme is called the Nori fundamental group scheme of pX, xq. Directly from Nori's definition one has that a vector bundle on X is essentially finite if and only if it is trivialized by a torsor over X under some finite k-group scheme. However, torsors under finite group schemes only correspond to Galois covers in the étale case. Therefore one should expect more, for instance that vector bundles trivialized by flat and finite maps are essentially finite. In [BDS] and [AM] this question has been answered for normal, projective varieties over an algebraically closed field: in this case a vector bundle is essentially finite if and only if it is trivialized by a proper and surjective morphism. Meanwhile Nori's construction and the notion of essentially finite vector bundles has been largely extended. In [BV] N. Borne and A. Vistoli introduced the notion of Nori fundamental gerbe for a fibered category X over a field k via a universal property and also an abstract notion of essentially finite object in an additive and monoidal category. The fibered categories over k which are inflexible over k (see 1.6) are the ones admitting a Nori gerbe. For instance if X is a reduced stack of finite type then it is inflexible if and only if k is integrally closed in the ring H 0 pO X q (see 1.7). A fibered category X over k is pseudo-proper over k if for all E P VectpX q the k-vector space H 0 pEq is finite dimensional. Examples of pseudo-proper stacks are of course proper algebraic stacks over k but also arbitrary affine gerbes. The previous result of Nori is generalized by showing that for a pseudo-proper and inflexible fibered category X over k the category of essentially finite vector bundles on X is a k-Tannakian category and its associated gerbe is the Nori fundamental gerbe (see [BV, Theorem 7.9] ). Applying this to an affine gerbe, they also concluded that, in a k-Tannakian category, the full subcategory of essentially finite objects is the k-Tannakian subcategory of objects having finite monodromy gerbe, which is the gerbe corresponding to the k-Tannakian subcategory generated by this object (see [BV, Corollary 7.10] ).
Based on [BV] and [EH] , we also get in [TZ] a Tannakian description of the Nori fundamental gerbe for not necessarily pseudo-proper fibered categories using the language of stratified sheaves and F -divided sheaves. The theory applies to all reduced and inflexible algebraic stacks of finite type over k. In particular in positive characteristic we studied Tannakian categories of F -divided sheaves FdivpX {kq and Fdiv 8 pX {kq and prove that their essentially finite objects are the representations of the Nori étale fundamental gerbe and Nori fundamental gerbe of X {k respectively.
In this paper we consider Lange-Stuhler or Biswas-Dos Santos style theorem in the non pseudo-proper settings. In what follows we assume that the ground field k has positive characteristic. An object in a additive monoidal category is called trivial or free if it is isomorphic to a finite direct sum of copies of the unit object. Given a map of algebraic stacks f : U ÝÑ X we denote by FdivpX {kq f the full subcategory of FdivpX {kq of objects trivialized by f , that is whose pullback along f is free in FdivpU{kq. When X is reduced and inflexible we denote by Fdiv 8 pX {kq f the sub-Tannakian category of Fdiv 8 pX {kq generated by the objects trivialized by f . Here are our main results:
Theorem I. Let X be a geometrically connected (resp. reduced and inflexible) algebraic stack of finite type over k. If E P FdivpX {kq (resp. E P Fdiv 8 pX {kq) is an essentially finite object then there exists a surjective finite and étale (resp. finite and flat) map f : U ÝÑ X trivializing E. Conversely let f : U ÝÑ X be a flat and surjective map of algebraic stacks of finite type over k. Then FdivpX {kq f (resp. Fdiv 8 pX {kq f ) is a Tannakian subcategory and, if one of the conditions below is satisfied, its associated gerbe is finite and étale (resp. profinite):
(1) the map f is proper; (2) the map f is geometrically connected, in which case FdivpX {kq f " Vectpkq; (3) the stack U is geometrically irreducible.
In this generality we are unable to prove the result for arbitrary flat and surjective maps f , although we believe this should be true. On the other hand adding some more regularity we can even drop the flatness hypothesis:
Theorem II. Let X be a geometrically unibranch (e.g. normal, see Section A) algebraic stack of finite type over k. If X is geometrically connected (resp. reduced and inflexible) then an object in FdivpX {kq (resp. Fdiv 8 pX {kq) is essentially finite if and only if it is trivialized by a dominant morphism of finite type from an algebraic stack.
By lifting vector bundles to objects of Fdiv 8 pX {kq we are able to deduce from Theorem I this partial generalization of [BDS] and [AM] :
Corollary I. Let X be a pseudo-proper and inflexible algebraic stack X of finite type over k. Then a vector bundle on X is essentially finite if and only if it is trivialized by a proper and flat map f : U ÝÑ X from an algebraic stack such that H 0 pO UˆX U q is a finite k-algebra.
Essentially we drop the smothness assumption but we require the trivialization to be flat. The finiteness condition is needed in this generality because U or UˆX U may not be pseudo-proper. For instance asking that the space of global sections of all coherent sheaves on X are finite dimensional solve this issue.
Another application of the theory and, more precisely, of Corollary I is the following. In [BV2] Borne and Vistoli introduce the virtually unipotent fundamental gerbe of a fibred category X over k, denoted by X ÝÑ Π VU X {k : it is defined as a pro virtually unipotent affine gerbe such that any map X ÝÑ Γ to a virtually unipotent gerbe factors uniquely through Π VU X {k (see 1.15 and 1.16). If k has positive characteristic, and if X is pseudo-proper, geometrically reduced, geometrically connected over k and has an atlas from a reduced Noetherian scheme, then the representations of Π VU X {k have a Tannakian interpretation: they correspond, up to Frobenius, to subsequent extensions of essentially finite vector bundles (see [BV2, Section 10, Theorem 10.7] ). We deduce the following:
Corollary II. Let X be a pseudo-proper, geometrically reduced and geometrically connected algebraic stack of finite type over a field of positive characteristic k such that dim k H 1 pX , Eq ă 8 for all vector bundles E on X . Then the virtually unipotent gerbe Π VU X {k and the Nori fundamental gerbe Π N X {k concide. The above result holds only in positive characteristic. Corollary II fails for a stack like B k G a , so that the conditions on H 1 is also necessary: it ensures that all G a -torsors of X and of its covers comes from a finite subgroup of G a (see 2.4).
Finally as application of Theorem II we prove the following:
Corollary III. Let Γ be a gerbe of finite type over k. Then all objects of FdivpΓ{kq and Fdiv 8 pΓ{kq are essentially finite. In particular FdivpΓ{kq » VectpΓ ét q and Fdiv 8 pΓ{kq » VectpΓq where Γ ét andΓ are the proétale and profinite quotients respectively.
The paper is divided as follows. In the first section we recall various properties and definitions, like of F -divided sheaves and Nori gerbes, and state the results we will use about them. The second section is dedicated to the proof of Theorem I and Corollaries I and II, while the third one to the proof of Theorem II and Corollary III. Finally in the last appendices we discuss the notion of geometrically unibranch algebraic stacks and the behaviour of Fdivp´{kq under finite field extensions.
Notation
A category fibered in groupoid X over a ring R is a category fibered in groupoid over the category of affine R-schemes Aff{R. By an fpqc covering U ÝÑ X we mean a map of fibered categories which is respesented by fpqc coverings of algebraic spaces. If X is an algebraic stack we denote by X red its reduction.
If X is a fibered category over F p one can always define a Frobenius functor F X : X ÝÑ X and, if X is defined also over a field extension k{F p , a relative Frobenius functor X ÝÑ X pi,kq for i P N. Here and in the rest of the paper by X pi,kq we mean the base change of X over the F i k : k ÝÑ k. When k is clear from the context we will simply write X piq . Please refer to section Notations and Conventions of [TZ] for details.
In this paper we will freely talk about affine gerbes over a field (often improperly called just gerbes) and Tannakian categories and use their properties. Please refer to [TZ, Appendix B] for details. If C is a k-Tannakian category then its associated affine gerbe over k is denoted by Π C : if A is a k-algebra then Π C pAq is the category of k-linear, monoidal and exact functors C ÝÑ VectpAq.
If C is a monoidal category we will often denote by 1 C or simply 1 the unit object of C. An object in C is called trivial or free if it is isomorphic to 1 'm C for some m P N.
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Preliminaries
Everything in this section is either contained in or easy consequences of results in [BV] and [TZ] . We collect some important theorems and definitions here for the convenience of the reader. Definition 1.1. Let k be a field of characteristic p ą 0 and let X be a category fibered in groupoid over k. We define FdivpX {kq to be the category with:
Objects: tuples pE i , σ i q iPN , where E i is a vector bundle on X piq and an isomorphism σ i : φi ,i`1 E i`1 ÝÑ E i , where φ i,i`1 : X piq ÝÑ X pi`1q is the relative Frobenius map of X piq {k;
Morphisms: a morphism from pE i , σ i q iPN to pE
Given a natural number i P N we also define the category Fdiv i pX {kq as follows: Objects: triples pF , G, λq, where F P VectpX q, G " pG i , σ i q iPN P FdivpX {kq and λ : F i˚F -Ý Ñ G 0 is an isomorphism (here F denotes the absolute Frobenius of X ); Morphisms: a morphism from pF , G, λq to pF 1 , G 1 , λ 1 q is just a pair of morphisms φ : F ÝÑ F 1 and ϕ : G ÝÑ G 1 making the diagram
The categories Fdiv i pX {kq are additive and monoidal and they have a k-linear structor coming from the one on F . There are monoidal and k-linear functors Fdiv i pX {kq ÝÑ Fdiv i`1 pX {kq, pF , G, λq Þ Ñ pF , F˚G, F˚λq and we define Fdiv 8 pX {kq :" lim Ý ÑiPN Fdiv i pX {kq. (See [TZ, Definition 5.9] for details.) Remark 1.2. Note that if k is a perfect field, then one can easily check that Fdiv i 0 pX {kq is equivalent to the category defined as follows:
Objects: tuples pE i , σ i q iPN , where E i is a vector bundle on X piq , σ i :
i which are compatible with σ i and σ 1 i . Using this equivalence one can deduce that if k is perfect and if X admits a representable fpqc covering from a reduced scheme X then the natural transition functors Fdiv i pX {kq ÝÑ Fdiv i`1 pX {kq are fully faithful. Remark 1.3. An important property of Fdiv that will be used in all the paper is that it is insensible to nilpotent thickenings, that is if X 1 ÝÑ X is a nilpotent closed immersion then FdivpX {kq ÝÑ FdivpX 1 {kq is an equivalence (see [TZ, Lemma 6.18] ). In particular if X is a Noetherian algebraic stack and X red its reduction then FdivpX {kq » FdivpX red {kq. Definition 1.4. Given a k-algebra A we set
Alternatively A ét,k is the union of all k-subalgebras of A which are finite and étale over k. When the base field is clear from the context we will simply write A ét . Remark 1.5. [TZ, Lemma 2.6 ] Let X be a quasi-compact and quasi-separated algebraic stack over k. Then X ÝÑ Spec H 0 pO X q ét is geometrically connected and, if X is connected, H 0 pO X q ét is a field. Moreover X is geometrically connected over k if and only if H 0 pO X q ét " k Definition 1.6. [BV, Section 5] If X is a category fibered in groupoid over k the Nori fundamental gerbe (resp. étale Nori fundamental gerbe) of X {k is a profinite (resp. proétale) gerbe Π over k together with a map X ÝÑ Π such that for all finite (resp. finite and étale) stacks Γ over k the pullback functor
is an equivalence. If this gerbe exists it is unique up to a unique isomorphism and it will be denoted by Π N X {k (resp. Π N,ét X {k ) or by dropping the {k if it is clear from the context. We call X inflexible if it is non-empty and all maps to a finite stack over k factors through a finite gerbe over k.
Remark 1.7. By [BV, Definition 5.7, pp. 13 ] X admits a Nori fundamental gerbe if and only it is inflexible. By [TZ, Theorem 4.4] if X is reduced, quasi-compact and quasisepareted then X is inflexible if and only if k is algebraically closed in H 0 pO X q. In particular if X is geometrically connected and geometrically reduced then it is inflexible.
By [TZ, Proposition 4.3] if X is quasi-compact and quasi-separeted then X admits a Nori étale fundamental gerbe if and only if X is geometrically connected over k. Definition 1.8. [BV, Definition 7.7, pp . 21] Let C be an additive and monoidal category. An object E P C is called finite if there exist f ‰ g P NrXs polynomials with natural coefficients and an isomorphism f pEq » gpEq, it is called essentially finite if it is a kernel of a map of finite objects of C. We denote by EFinpCq the full subcategory of C consisting of essentially finite objects. Definition 1.9. [BV, Definition 7.1, pp. 20] A category X fibered in groupoid over a field k is pseudo-proper if it satisfies the following two conditions:
(1) there exists a quasi-compact scheme U and a morphism U ÝÑ X which is representable, faithfully flat, quasi-compact, and quasi-separated. (2) for all vector bundles E on X the k-vector space H 0 pX , Eq is finite dimensional. Let C be a Tannakian category. Then EFinpCq is the Tannakian subcategory of C of objects whose monodromy gerbe is finite. Definition 1.12. A field extension L{k is called separably generated (resp. separable) up to Frobenius if char k " 0 or char k " p ą 0 and there exists i P N such that L p i is contained in a separably generated (resp. separable) field extension of k (see [SP, 030I] ).
Putting together results [TZ, Lemma 2.6, Theorem 4.4, Theorem 5.8, Theorem 5.12, Theorem 6 .17] we deduce the following: Theorem 1.13. Let X be a connected algebraic stack over k with an fpqc covering U ÝÑ X from a Noetherian scheme U such that, for all u P U, kpuq{k is separable up to Frobenius and set L " End FdivpX {kq p1q. Then FdivpX {kq ÝÑ VectpX q is faithful, L Ď H 0 pO X q is a field, FdivpX {kq is an L-Tannakian category and there is an equivalence of L-Tannakian categories VectpΠ N,ét X {L q » EFinpFdivpX {kqq. If there exists a map Spec F ÝÑ X where F is a field separably generated up to Frobenius over k then L " H 0 pO X q ét , so that L " k if and only if X is geometrically connected over k.
Assume X reduced and set
and pF , G, λq P Fdiv i pX {kq is essentialy finite if and only if G is essentially finite in FdivpX {kq. If there exists a map Spec F ÝÑ X where F is a field separably generated up to Frobenius over k then L 8 " k if and only if X is inflexible over k. Remark 1.14. A separably generated (up to Frobenius) field extension is separable (up to Frobenius) and all extensions of a perfect field are separable (see [SP, 05DT] ). For instance finitely generated field extensions are separably generated up to Frobenius. Thus Theorem 1.13 apply when X is a stack of finite type over k: if X is geometrically connected over k then FdivpX {kq is a k-Tannakian category over k and if X is reduced and inflexible over k then Fdiv 8 pX {kq is a k-Tannakian category too. Definition 1.15. [BV2, Definition 6.16] A virtually unipotent group scheme over k is an affine group scheme G of finite type over k such that the reduction of the connected component of Gˆk k is unipotent, where k is an algebraic closure of k.
An affine gerbe Γ over k is virtually unipotent if Γˆk k » BG, where G is a virtually unipotent group scheme over k. A pro virtually unipotent gerbe is an affine gerbe projective limit of virtually unipotent gerbes. Definition 1.16. [BV2, Definition 5.6] If X is a category fibered in groupoid over k the virtually unipotent fundamental gerbe of X {k is a pro virtually unipotent gerbe Π over k together with a map X ÝÑ Π such that for all virtually unipotent gerbes Γ over k the pullback functor Hom k pΠ, Γq ÝÑ Hom k pX , Γq is an equivalence. If this gerbe exists it is unique up to a unique isomorphism and it will be denoted by Π VU X {k or by dropping the {k if it is clear from the context. Theorem 1.17. [BV2, Section 6.3, Theorem 7.1] If X is a quasi-compact, quasi-separated and geometrically reduced fibered category over k such that H 0 pX , O X q " k then X admits a virtually unipotent fundamental gerbe. Definition 1.18. [BV2, Definition 10.2, Definition 10.6] Let X be a fibered category. A vector bundle E on X is called an extended essentially finite sheaf if there is a filtration 0 " E r`1 Ď E r Ď¨¨¨Ď E 1 Ď E 0 " E in which all quotients E i {E i`1 are essentially finite vector bundles on X .
Assume that k has positive characteristic and let F : X ÝÑ X be the absolute Frobenius of X . A vector bundle E on X is called virtually unipotent if there exists m P N such that F m˚E is an extended essentially finite vector bundle on X .
Theorem 1.19. [BV2, Theorem 10.7 ] Let X be a pseudo-proper, geometrically reduced and geometrically connected fibered category admitting an fpqc cover from a Noetherian reduced scheme. Then the pullback VectpΠ VU X {k q ÝÑ VectpX q is an equivalence onto the full subcategory of VectpX q of virtually unipotent sheaves.
Trivializations by flat and surjective maps
We fix a field k of positive characteristic. The aim of this section is to prove Theorem I and Corollaries I and II. We start by showing how to trivialize essentially finite F -divided sheaves.
Proposition 2.1. Let Γ be a finite stack over k. Then FdivpΓ{kq » VectpΓ ét q and Fdiv 8 pΓ{kq » VectpΓq Proof. By [TZ, Lemma 3 .6] we can find an index i ą 0 and 2-commutative diagrams
The arrow c provides an equivalence of categories between Γ p8q :" lim Ý ÑiPN Γ piq and Γ Let's prove that it is fully faithful and let χ " pV, W, uq, χ 1 " pV 1 , W 1 , u 1 q P Fdiv j pΓq and λ : V ÝÑ V 1 be a map. Via u, u 1 we obtain a map δ : α˚W ÝÑ α˚W 1 : an arrow χ ÝÑ χ 1 mapping to λ is a pair pλ, Wδ Ý ÝÑ W 1 q with α˚δ " δ. Since α˚is faithful it follows that Φ is faithful. To prove that it is full, we must prove that there exists l ą 0 such that
where F Γ ét is the absolute Frobenius of Γ ét , comes from a
, it is enough to set l " i and γ " β˚δ.
Proof of Theorem I, first part. We consider first the case of FdivpX q. So let E P FdivpX q which is essentially finite and denotes by Γ the monodromy gerbe of E. In particular there are maps X ÝÑ Π FdivpX q α Ý ÝÑ Γ and V P VectpΓq such that α˚V » E. The profinite quotient of Π FdivpX q is Π N,ét X by 1.13 and therefore there is also a factorization α : Π FdivpX q ÝÑ Π N,ét X ÝÑ Γ. In particular Γ is a finite and étale gerbe. We have a 2-commutative diagram
and, by 2.1, the lower horizontal arrows are equivalences. Using the universal property of Π N,ét X one can conclude that α fits in the commutative diagram. Thus α˚V » b˚pa˚V q, that is there exists an F -divided sheaf on Γ pulling back to E along X ÝÑ Γ. Take any finite separable extension L{k with a map Spec L ÝÑ Γ. As by 2.1, FdivpL{kq -VectpLq, E becomes trivial on XˆΓ Spec pLq. But the map XˆΓ Spec pLq ÝÑ X , as a pullback of Spec pLq ÝÑ Γ, is a finite étale cover.
The case of Fdiv 8 is analogous, just replace Π N,ét X with Π N X . We now concentrate on the converse problem in Theorem I.
Proof of Theorem I, second part. By 1.13 it is enough to consider the case of Fdiv. The category FdivpX {kq f is a sub Tannakian category of FdivpX {kq because in a Tannakian category any subobject or quotient of a trivial object is trivial, FdivpU{kq " ś iPI FdivpU i {kq, where each U i is a connected component of U and, for all i, FdivpU i {kq is Tannakian over H 0 pO U i q ét by 1.13. For all finite extensions of fields l{k we have the following 2-commutative diagram.
By B.3, c is an isomorphism. So, to prove that Π FdivpX {kq f is finite and étale, we may replace k by a finite field extension. In particular we can assume that all connected components of U, UˆX U, UˆX UˆX U are geometrically connected or, using 1.13, that the rings H 0 pO U q ét , H 0 pO UˆX U q ét and H 0 pO UˆX UˆX U q ét are product of copies of k. In all the cases considered we can also assume that U is geometrically connected.
Since Fdiv is an fpqc stack, FdivpX {kq f is equivalent to the category of trivial objects O 'n U P FdivpU{kq equipped with descent data, i.e. an isomorphism between the two pullbacks of the trivial object along UˆX U ⇒ U satisfying the cocycle condition.
Denotes by I, J the set of connected components of UˆX U and UˆX UˆX U respectively. Restricting to each connected components and using 1.13, we see that the pullback functors
are fully faithful. Thus FdivpX {kq f is equivalent to the category of vector bundles V on Spec pH 0 pO U q ét q " Spec k with an isomorphism between the two pullbacks of V to Spec pH 0 pO UˆX U q ét q " Spec k I satisfying the cocycle condition in Spec pH 0 pO UˆX UˆX U q ét q " Spec k J . So V is a k-vector space and the data of the isomorphism between the pullbacks is a collection of automorphisms σ Z : V ÝÑ V for all Z P I. Denote by pr ij : UˆX UˆX U ÝÑ UˆX U and pr i : UˆX U ÝÑ U the projections. Given D P J we denote by Z ij,D P I the unique connected component containing pr ij pDq. It is easy to see that the cocycle conditions on the collection pσ Z q ZPI translates into the relation
If G is the quotient of the free non-abelian group over the symbols pe Z q ZPI by the relations e´1 Z 13,D e Z 23,D e Z 12,D for D P J, it follows that FdivpX {kq f » Rep k G. If f is geometrically connected then |I| " |J| " 1 and therefore G is trivial as required. So assume that either f is proper or U is geometrically irreducible. We are going to show that |G| ď |I|.
Consider / / U Since pr 1 pZq Ď pr 1 p∆q " U, there exists D P J such that Z 12,D " Z and Z 13,D " ∆. Thus e Z 23,D e Z " e ∆ " 1 as required.
Remark 2.2. In the above proof the crucial property of Fdiv we used is that it is a stack in the fppf topology. Whether this property is true also for Str and Crys is unclear.
Lemma 2.3. Let X be an inflexible and pseudo-proper fiber category over k, V P VectpX q and denote by F : X ÝÑ X the absolute Frobenius. If there exists m P N such that F m˚V P VectpX q is essentially finite then V is essentially finite too.
Proof. We can consider the case m " 1 only. Set n " rk V . The vector bundle V is given by an F p -map v : X ÝÑ B Fp pGL n,Fp q: the stack B Fp pGL n,Fp q has a universal vector bundle E of rank n such that v˚E » V . By 1 
where Γ is a finite k-gerbe and the square is 2-Cartesian. We conclude by showing that ∆ is a finite gerbe over k. The map F : B Fp pGL n,Fp q ÝÑ B Fp pGL n,Fp q is induced by the Frobenius of GL n,Fp . Since this last map is a surjective group homomorphism with finite kernel it follows that F and therefore ∆ ÝÑ Γ is a finite relative gerbe. This plus the assumption that Γ is a finite gerbe implies that ∆ is a finite gerbe.
Proof of Corollary I. If V is an essentially finite vector bundle on X then, by 1.11, there exist ψ : X ÝÑ Γ, where Γ is a finite gerbe and W P VectpΓq such that ψ˚W » V . If Spec L ÝÑ Γ is any map from a finite field extension of k then f : U " XˆΓ Spec L ÝÑ X is a finite and flat map and the pullback along this map of V is free. Since UˆX U ÝÑ X is finite and flat, the pushforward of the structure sheaf is locally free on X and therefore the set of its global sections form a finite dimensional k-vector space.
Consider now a proper, flat and surjective map f : U ÝÑ X as in the statement and V P VectpX q such that f˚V is free. We are first going to extend V to some object in Fdiv i pX {kq trivialized by f for some i ą 0. If Z is a stack of finite type over k and we apply 1.13 on the connected components we see that FdivpZ{kq ÝÑ VectpZq is faithful and the set of endomorphisms of the unit object of FdivpZ{kq is identified with H 0 pO Z q ét . In particular for all i we have
via the functor Fdiv i pZ{kq ÝÑ VectpZq. In particular if H 0 pO Z q is a finite k-algebra the above inclusion is an equality for i big enough, which also means that the functor Fdiv i pZ{kq ÝÑ VectpZq restricted to the full subcategory of free objects is fully faithful.
By fppf descent along f : U ÝÑ X the vector bundle V is given by a free object of rank rk V " r on U with an isomorphism of the two pullbacks in UˆX U satisfying the cocycle condition of the triple product. By discussion above for i big enough this also determines a descent data on the free object of rank r in Fdiv i pU{kq. Since Fdiv i and Vect are stacks in the fppf topology there exists E P Fdiv i pX {kq of the form pV, W, λq with W P FdivpX {kq such that f˚E P Fdiv i pU{kq is trivial. By the definition of Fdiv i pX {kq, W 0 » F i˚V , where F is the absolute Frobenius of X , and f˚W is trivial in FdivpU{kq. By 2.3 and Theorem I we can conclude that V is essentially finite.
Lemma 2.4. Let X be an algebraic stack over a field k of positive characteristic such that H 1 pX , O X q is a finite dimensional k-vector space. Then any G r a -torsor over X comes from a torsor under a finite subgroup scheme of G r a Proof. We can assume r " 1. We interpret H 1 pO X q as the set of isomorphism classes of G a -torsors over X . If φ : G a ÝÑ G a is a group homomorphism then it induces a map of sets Λpφq : H 1 pO X q ÝÑ H 1 pO X q. Thus we obtain a map Λ : End groups pG a q ÝÑ End (Sets) pH 1 pO XBoth sides are left k-algebras and, by the definition of the k-vector space structure on H 1 pO X q, Λ is a morphism of k-algebras. Consider the relative Frobenius F : G a ÝÑ G a , that is F pxq " x p functorially and R P krys. The map RpF q : G a ÝÑ G a is a group homomorphism and, since G a is connected and reduced, RpF q is also surjective unless R " 0 and in this case its kernel is finite. If Rpyq " ř j λ j y j and v P H 1 pO X q then
Since H 1 pO X q is a finite dimensional k-vector space, the vectors v, ΛpF qpvq, ΛpF q 2 pvq and so on must be eventually linearly dependent. Thus there exists a non zero polynomial R P krys such that ΛpRpF qqv " 0. This means that the G a -torsor v become trivial under the map B k G a ÝÑ B k G a induced by RpF q. Since RpF q is surjective, it follows that v comes from a torsor under the finite group scheme KerpRpF qq.
Lemma 2.5. Let X be an algebraic stack over a field k of positive characteristic such that dim k H 1 pX , Eq ă 8 for all vector bundles E on X . Let
be a sequence of surjective maps of quasi-coherent sheaves on X such that KerpG l´1 ÝÑ G l q is free of finite rank for 1 ď l ď N. Then there exists a finite flat surjective map f : X 1 ÝÑ X such that f˚G l is free of finite rank for all l.
Proof. Using induction it is enough to show that if
an exact sequence there exists a finite flat surjective map f : X 1 ÝÑ X such that f˚G is free. The sheaf G is given by an element
mn functorial in X , so that x corresponds to a sequence x i P H 1 pO X q. If x i corresponds to the G a -torsor h i : P i ÝÑ X , then by construction hi x i " 0. By 2.4 there exists a finite flat surjective map f i : X i ÝÑ X factoring through h i : P i ÝÑ X . In particular fi x i " 0. Thus f " ś i f i : ś i X i ÝÑ X is a finite flat surjective map such that f˚x " 0, which means that f˚G » f˚O
Proof of Corollary II. By 1.19 we must prove that if E is a virtually unipotent vector bundle on X then it is essentially finite. Thanks to 2.3 we can assume that E is an extended essentially finite sheaf. We are going to show that there exists a finite and flat map f : X 1 ÝÑ X such that f˚E is free. Since X is inflexible the conclusion will follow from Corollary I.
Since X is inflexible there exists a map X ÝÑ Γ to a finite gerbe such that all essentially finite quotients E i {E i`1 of a filtration of E as in 1.18 comes from Γ. If L{k is a finite extension with ΓpLq ‰ H, the pullback of Spec L ÝÑ Γ along X ÝÑ Γ gives a finite flat surjective map g : Y ÝÑ X trivializing all essentially finite quotients E i {E i`1 . Applying 2.5 on the sheaf pg˚Eq _ over Y we find a finite flat surjective map h :
gives the desired finite flat surjective map.
Trivializations by dominant maps
We fix a field k of characteristic p ą 0. For the definition and properties of geometrically unibranch stacks we refer to Appendix A. In this section we are going to prove Theorem II and deduce Corollary III from it. The crucial point is the following result.
Theorem 3.1. Let X be a geometrically unibranch algebraic stack locally of finite type over k and U Ď X be a dense open subset. Then the functor FdivpX {kq ÝÑ FdivpU{kq is fully faithful and stable under sub-objects, that is if F P FdivpX q{k and E U Ď F |U in FdivpU{kq then there exists E Ď F in FdivpX {kq inducing the given inclusion.
In particular if X is geometrically irreducible and quasi-compact then Π FdivpU {kq ÝÑ Π FdivpX q{k is a quotient of k-gerbes.
We first show how to obtain Theorem II from the above result.
Proof of Theorem II using Theorem 3.1. We have to prove the "if" part and, thanks to 1.13, we just have to consider the case of Fdiv. Let f : Y ÝÑ X be a dominant map and E P FdivpX {kq which is trivialized by f . We want to show that E is essentially finite. Replacing Y by an atlas we can assume that Y " Y is a scheme.
First we assume that f is also flat. In this case, we take a non-empty irreducible open subsetȲ 0 Ď Yˆkk and let Y 0 Ď Yˆk k 1 be a model ofȲ 0 over a finite field extension k 1 {k. By A.5, B.3 and B.5 we can assume k 1 " k. Consider the image U :" f pY 0 q Ď X . From Theorem I, 3) we see that E| U is an essentially finite object over U{k and, from 3.1, we can conclude that also E is essentially finite in FdivpX {kq as required. Now we come back to the general case. Let X ÝÑ X be a smooth atlas with X quasicompact. Using A.5, B.3 and B.5 we may extend k a little bit and assume that X has a k-rational point x. Using the first part of Theorem I and the flat case we may replace X by the connected component of x in X and assume that X " X is a scheme. Using 1.3 we may assume that X is a reduced scheme. Since X is also geometrically unibranch and connected, it is integral. By [Mat, Theorem 24.3 ] the locus V Ď Y of points flat over X is open and, since f is dominant, it is non-empty. Replacing Y by V we are in the case when f is flat.
Example 3.2. In Theorem 3.1 the hypothesis that X is geometrically unibranch is necessary. Assume that k is an algebraically closed field of odd characteristic and consider X " Spec pAq where A " krts t rx, ys{px 2´y2 tq, which is an affine integral scheme of finite type over k, and its open subset U " Spec pA y q. We claim that Π FdivpU {kq ÝÑ Π FdivpX {kq is not a quotient. Since the profinite quotient of Fdiv is Π N,ét and, choosing a rational point u P U, this corresponds to the Grothendieck étale fundamental group π ét , it is enough to show that π ét pU, uq ÝÑ π ét pX , uq is not surjective. The scheme P " Spec pArT s{pT 2´tis a µ 2 -torsor over X and it is non-trivial since t is not a square in A. On the other hand P becomes trivial when restricted to U, which implies that there is a quotient π ét pX , uq ÝÑ µ 2 such that the composition π ét pU, uq ÝÑ π ét pX , uq ÝÑ µ 2 is trivial.
Before proving Theorem 3.1 we collect some preparatory results.
Proposition 3.3. Assume that k is a field whose absolute Frobenius is finite and let R be a complete local k-algebra whose residue field is finite over k. Then
Proof. By [TZ, Theorem 6.17] it follows that FdivpR{kq is an R ét -Tannakian category.
Thus it is enough to show that any object E P FdivpR{kq is trivial. Let m be the maximal ideal of R, L its residue field and F P FdivpR{kq be the free object of rank rk E. Using that Fdiv is insensible to nilpotent thickenings (1.3) and that FdivpL{kq » VectpL ét q (2.1), there is a compatible system of isomorphisms σ n :
Since the absolute Frobenius of k is finite all rings R piq are complete with respect to m piq . As E i are free R piq -modules they are complete with respect to m piq . Thus these σ n extend to an isomorphism σ : E ÝÑ F as required.
Lemma 3.4. Let A be a ring, A ÝÑ A 1 be a faithfully flat map and A ÝÑ B be an injective map. Then
Proof. We provide two proofs:
It is enough to show that φ 1 :" φ b A A 1 is an isomorphism. For this it is enough to show that for any element
This means that φ 1 is an isomorphism, whence the claim. (2) Consider the diagram
with canonical maps. From the diagram it is clear that A 1 Ş B, as a subset of A 1 , is contained in the subset of equalizers of f 1 and f 2 , i.e.
Lemma 3.5. Let A be a Noetherian complete local domain over a perfect field k with fraction field K and assume that its residue field is finitely generated over k. Then FdivpK{kq is K ét -Tannakian category and K ét {k is finite.
Proof. By 1.13 and 1.14 we can conclude that FdivpA{kq is an A ét -Tannakian category and FdivpK{kq is an F -Tannakian category where F " End FdivpK{kq p1q. Let B be the integral closure of A in K. Since A is Nagata [SP, 032E, Lemma 10.156.2 and 10.156 .8]), B is finite over A and since A is Henselian, B is a local domain. Thus we can assume that A is normal and in this case we will show that F Ď A ét . This will end the proof because
where L is the residue field which is finitely generated over k. Pick x P F , that is x " px n q nPN with x n P K and x p n`1 " x n (here we use that K piq » K because k is perfect). Given a discrete valuation v : K ÝÑ Z one can easily conclude that vpx n q " 0 for all n P N, which means that x n P A for all n P N. In particular x P End FdivpA{kq p1q " A ét as desired.
Lemma 3.6. Let X be a stack of finite type over k. Then there exists a finite and purely inseparable extension L{k such that pXˆk Lq red is geometrically reduced.
Proof. Taking a smooth covering by an affine scheme one can assume X " Spec A. Consider the exact sequence
where k 1 p 8 be the perfect closure of k and I Ď A b k k 1 p 8 is the ideal of nilpotents. Since I is finitely generated, it is defined over a finite intermediate extension
Proof of Theorem 3.1. We start by showing the fully faithfulness. The restriction functor FdivpX {kq ÝÑ FdivpU{kq is faithful even when X is not geometrically unibranch. To see this we may assume that X is connected. Let f : E ÝÑ F P FdivpX {kq whose restriction to U is 0. Then the image H of f is an object in FdivpX {kq whose restriction to U is 0. As the rank of H is constant and U is non-empty, H " 0, i.e. f | U " 0.
Since Fdiv is a stack in the fpqc topology, using the faithfulness one can easily reduce to the case X " X " Spec A is affine. Using 3.6 and that FdivpX{kq » FdivpX piq {kq » FdivppX pired {kq we can further assume that X and U " U are also geometrically integral by extending X to a finite extension of k, restricting to one connected component, and then taking reduction. We can also assume that U " Spec A a with a P A.
Let E, F P FdivpX{kq and consider φ U P Hom FdivpU q pE| U , F | U q. Since all X piq are integral it is enough to extend each map E i | U ÝÑ F i | U to E i ÝÑ F i and, up to replace X by X piq , we just have to show this extension for i " 0. Shrinking X we can assume that E 0 " A 'n and F 0 " A 'm , so that φ U is a matrix with coefficients in A a and we must prove those coefficients belong to A. Using the functor Fdivp´{kq ÝÑ Fdivp´{kq and 3.4 we can assume that k is algebraically closed. Denote by K the fraction field of A and by
We must show the existence of the dashed arrow, or in other words, that the coefficients of the matrix φ K are in A p . Using again 3.4, it is enough to show that FdivpÂ p {kq ÝÑ FdivpK{kq is fully faithful, whereÂ p andK are the completion of A p , which is a domain because A is geometrically unibranch (A.3), and its fraction field respectively. This follows because FdivpÂ p {kq " Vectpkq by 3.3 and FdivpK{kq is a k-Tannakian category by 3.5. We now show that the full subcategory FdivpX {kq Ď FdivpU{kq is stable under taking subobjects. Let F P FdivpX {kq, and let E U Ď F | U . We will show that there exists E Ď F such that E| U " E U . By the fully faithfulness which we just proved, if the extension E exists it is unique. Since Fdiv is a stack in the étale topology we can assume X " X " Spec A and also U " U " Spec A a for some a P A. As above we can further assume that X and U are geometrically integral. Denote by j : U ÝÑ X the open embedding. We have an infinite sequence of Cartesian diagrams
In particular, since the vertical maps are affine, given H P FdivpU{kq there are isomorphisms σ n : pj pn`1q H n`1 q |X pnq ÝÑ j pnq ppH n`1 q |U pn» j pnq H n , so we can define j˚H as the "quasi-coherent F -divided sheaf" pj pnq H n , σ n q. We have F Ď j˚j˚F and j˚pE U q Ď j˚j˚F and define E n :" j pnq pE U q n Ş F n . By construction j pnq˚E n " pE U q n , and there are canonical maps τ n : pE n`1 q |X pnq ÝÑ E n which are compatible with the transition isomorphisms of F . We are going to prove that those τ n are isomorphisms, that is pE, τ n q P FdivpX{kq. This would conclude the proof, as pE, τ n q gives the desired extension. In order to show that those τ n are isomorphisms we can first assume that k is algebraically closed, and by completing at closed points, we may further assume that A is a complete local Noetherian domain with residue field k. In particular FdivpX{kq " Vectpkq by 3.3 and FdivpU{kq is a k-Tannakian category using 1.13. Since a subobject of a trivial object in FdivpU{kq is trivial, E U Ď F | U is trivial. Thus we can write F "Ẽ ' G, whereẼ, G are trivial objects in FdivpX{kq, andẼ| U " E U . Now it is clear thatẼ n " j pnq pE U q n Ş F n " E n and the transition maps must coincide. Thus τ n are all isomorphisms.
Proof of Corollary III. Consider a map Spec L ÝÑ Γ, where L{k is a finite extension, which exists because Γ is of finite type. Since the map Spec L ÝÑ Γˆk L is faithfully flat and affine, and L is smooth over L, we can conclude that Γ is a smooth stack over k and, in particular, geometrically unibranch and geometrically integral. Since by 2.1 FdivpL{kq " VectpL ét q, applying Theorem II to the flat map Spec L ÝÑ Γ we can conclude that all objects of FdivpΓ{kq and Fdiv 8 pΓ{kq are essentially finite. The remaining claims follow from 1.13 taking into account that Γ is inflexible over k, Π
N,ét
Γ{k " Γ ét and Π N Γ{k "Γ (see [TZ, Definition B8] ).
Appendix A. Geometrically Unibranch Algebraic Stacks Definition A.1. A local ring R is called geometrically unibranch if, denoted by R red its reduction, R red is a domain and its integral closure in its fraction field is a local ring whose residue field is a purely inseparable extension of that of R.
A scheme X is called geometrically unibranch at a point x P X if the ring O X,x is geometrically unibranch. A scheme is called geometrically unibranch if it is geometrically unibranch at all its points (see [SP, 0BQ1] Remark A.4. In a geometrically unibranch scheme all irreducible components are also connected components. Indeed the localization in a point lying in an intersection of two different irreducible components has at least two minimal primes. In particular a locally connected (e.g. locally Noetherian) geometrically unibranch scheme is a disjoint union of irreducible and geometrically unibranch schemes.
Lemma A.5. Let k be a field, X be a k-scheme and x P Xˆk k be a point lying over x P X. Then Xˆk k is geometrically unibranch at x if and only if X is geometrically unibranch at x.
Proof. We can assume X " Spec A, where pA, pq is a local ring and x " p P Spec A. Let k s be the separable closure of k and P P Xˆk k
which implies that A p and pA b k k s q P has the same strict Henselization, so that one is geometrically unibranch if and only if the other is. In particular we can assume k " k s separably closed. In this case A b k k is local so that x corresponds to its maximal ideal. Since A ÝÑ A b k k is surjective, purely inseparable ([EGA1 new, Ch I, Prop. 3.7.1, pp. 246] ) and integral, by [SGA4, Exposé VIII, Théorème 1.1] the pullback along Spec pA b k kq ÝÑ Spec A induces an equivalence of categories between the small étale sites of the two schemes. This easily implies that
sh is an homeomorphism and the result is clear.
Proposition A.6. Let f : X ÝÑ Y be a faithfully flat map of schemes, x P X and y " f pxq. If X is geometrically unibranch at x then Y is geometrically unibranch at y and the converse holds if all the geometric fibers of f are normal.
Proof. For the converse we can assume Y " Spec A, where pA, pq is a local and geometrically unibranch domain and X " Spec C. Denote by P the prime ideal of C corresponding to x P X. Let B be the integral closure of A, which, by assumption, is a local domain whose residue field l is purely inseparable over the residue field k of A. Given a map A ÝÑ D set C D " C b A D and consider the coproducts
Since B is normal and f has normal fibers it follows that C B and therefore pC B q P are normal rings ( [Mat, Theorem 23.9, pp. 184] ). Since A ÝÑ C P is flat and A ÝÑ B is injective and integral, it follows that C P ÝÑ pC B q P is integral and injective. Since k " A{p ÝÑ B{pB is a purely inseparable morphism, C P {pC P ÝÑ pC B q P {ppC B q P is purely inseparable too. Thus there is a unique ideal in pC B q P which restricts to the maximal ideal of C P . Since a prime ideal in pC B q P is maximal if and only if it restricts to a maximal ideal in C P , we conclude that pC B q P is a local ring. Thus the connected normal ring pC B q P is a domain, and clearly pC B q P is the integral closure of C P . The residue field extension of C P ÝÑ pC B q P is purely inseparable because C P {pC P ÝÑ pC B q P {ppC B q P is a purely inseparable ring morphism.
Definition A.7. Let X be an algebraic stack and x P |X | be a point. We say that X is geometrically unibranch at x if there exists a smooth atlas U ÝÑ X and u P U over x such that U is geometrically unibranch at u. The stack X is called geometrically unibranch if it is geometrically unibranch at all its points.
Remark A.8. The notion of geometrically unibranch for algebraic stacks does not depend on the choice of the atlas thanks to A.6. Moreover it is immediate that an algebraic stack is geometrically unibranch if and only if it has a smooth atlas U ÝÑ X with U geometrically unibranch, and one can verify that statements parallel to A.5 and A.6 remain true for algebraic stacks. where γ : Π FdivpX {kqˆk l ÝÑ Π FdivpX {kq is the projection, and For Π , For X are forgetful functors. Applying B.2 to each X piq it is easy to see that β # is an equivalence. Assume now that Π FdivpX {kq is a k-gerbe. Again by B.2 γ # is an equivalence. Thus we get the dashed arrow α, which makes all the rectangles plus γ˚, β˚commutative. By the uniqueness of the left adjoint α also commutes with β˚, γ˚and a. Using the fact that a, α˚, γ˚are all tensor functors and the fact that for any M P FdivpX l {lq there exists N P FdivpX {kq with a surjection β˚N ։ M (e.g. β˚β˚M ÝÑ M), one can easily deduce that α is a tensor equivalence. Thus FdivpX l {lq is l-Tannakian with the Tannakian gerbe Π FdivpX {kqˆk l. The last claim follows immediately from the 2-commutative diagram.
Remark B.4. Let k 1 {k be any field extension and X be a geometrically connected algebraic stack of finite type over k. Also in this case there is a canonical map of k 1 -gerbes δ : Π FdivpXˆkk 1 {k 1 q ÝÑ Π FdivpX {kqˆk k 1 and using the method employed in [De] one can show that δ is a quotient if X {k is smooth. If X is not smooth it is unclear to us whether or not the above morphism is surjective.
The main problem is that we don't know whether the category of quasi-coherent F -divided sheaves on X is an abelian category. Thus the techniques developed in [De, §4] can not be easily applied.
Proposition B.5. Let Γ be an affine gerbe over k. Let V P VectpΓq be an object. Let xV y be the sub Tannakian category generated by V , and denote ∆ the corresponding gerbe. Let β : Γˆk l ÝÑ Γ be the projection. Then xβ˚V y Ď VectpΓˆk lq corresponds to ∆ˆk l. In particular the canonical map { pΓˆk lq ÝÑ p Γˆk l where ṕ denotes the profinite quotient, is an equivalence. In other words if C is a kTannakian category then EFinpCq b k l ÝÑ EFinpC b k lq is an equivalence.
Proof. We have to show that xβ˚V y " xV y b k l, that is an object W P VectpΓˆk lq belongs to xβ˚V y if and only if β˚W P xV y. Since β˚β˚V P xV y, xβ˚V y Ď xV y b k l. Composing with the forgetful functor, we see that W P xβ˚V y implies that β˚W P xV y. Conversely, if β˚W P xV y, then β˚β˚W P xβ˚V y. Thus W P xβ˚V y as there is a surjection β˚β˚W ։ W . This finishes the first claim.
For the second claim we have to show that a vector bundle V P VectpΓˆk lq is essentially finite if and only if β˚V P VectpΓq is essentially finite. By the first claim β˚V is essentially finite if and only if β˚β˚V is essentially finite. Since we have a surjection β˚β˚V ։ V and β˚β˚V is a finite direct sum of V , V is essentially finite if and only if β˚β˚V is so.
